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Two-electron repulsion integrals between a two-center charge distribution and a charge distri-
bution about a third center, which do not appreciably interpenetrate, are shown to be given to useful
accuracy by numerical differentiation of certain three-center one-electron integrals. This method
also may be used to evaluate integrals of this type for which the Mulliken or Sklar approximations
are inapplicable.

In the theoretical study of polyatomic molecules many two-electron, three-
center hybrid integrals (AB|CC’) occur, wherein the two-center charge distribution
(AB) and the one-center charge distribution (CC’) are essentially non-pene-
trating. Such integrals can be evaluated by standard techniques with arbitrarily
high accuracy [1] or estimated by such as the Mulliken [2] or Sklar [3] ap-
proximation, provided the two-center overlap integral S(AB) does not vanish
identically. We point out a numerical technique for evaluating this type of integral,
which makes use of an existing facility to compute three-center, one-electron
nuclear attraction integrals.

Write the integral I = (AB|CC’) as

I= _“XA(l) xs(1) {j %c(2) xc(2) dvyfry 3} dvy ; (v
x:(1) is a function assigned to center i having the general form
Xl(:u') = Rn(ru) Slm (0;15 ¢u) (2)

for coordinate system pi. S;,(6,, ¢,) is a normalized real spherical harmonic and
R,(r,) is a suitable radial function. In what follows, we shall take x:(1) to be a
normalized Slater-Type-Orbital (STO) with integral principal quantum number #
and orbital exponent {. Generalizations to other radial function dependences will
be obvious. See Fig. 1 for details of the coordinate systems.

As shown for instance by Roothaan [4], a one-center charge distribution may
be expanded according to

xc() xcw) = LZM ar, S, () S, mOu d). 3
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Fig. 1. Definition of coordinate systems. u, is perpendicular to the BAC plane

The coefficients a;,_,, are zero except when 0 L, M| 141
£ )= 2L+1\F 2L 2
=TT N L)

where N=n+n'—1 and 2{={+4{. Alternatively, Eq.(3) can be expressed in
terms of homogeneous polynomials of Cartesian coordinates:

XC(.u’) XIC(I") = Z ﬁpqth,L(ru) XZYZZLT;L (3’)

D, 4>t

™t exp(—2{1),

withp+g+t=L.
Inserting Eq. (3) into Eq. (1) yields

I =LZM AL, M 5 xa(D) xs (1) Vi, p(1) dvy @
with
Vi u()= ij,L(rz) St (02, ¢,) dvyJry 5 .

At large distances fy 1(r) S p(0, ¢) behaves as a multipole of order 2* and
magnitude (L. These circumstances occur when ({r )" *“exp(—2{r,) <1, and
then

Vi uW =TT 27 Sy (64, ) - ()
Now Eq. (4) becomes
I= Lg,l oz, il 7§ xa(D) 28(1) Sy, 46y, D) ri 7 vy (6)
The alternate substitution of Eq. (3') into Eq. (1) yields
I= ,,%,B""'Z_L §xa) xp(1) Fyizir 207 do, (6)

Each integral in Eq.(6) or (6') may be written in terms of derivatives of three-
center nuclear attraction integrals

o
=S xa(D) xs()ryt doy @)

UraR)= 55 o7 52
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The procedure suggested here involves computing the integral in (7) at
sufficient points R, + 4 in the neighborhood of point C to effect a numerical
evaluation of (7) at point C. Let

U(R.+ )= [ xa(1) xp(1) |ry — 8| ~" dv,
with
0=0.u,+0o,u,+0d,u,.
Then, for example,
Upz0(Ro) = 5;2 [U(Rc+ 6,u,) ~2UR) + U(Rc— 6,u,)] ;
and the integral
I=(xa(1) xa(1)|2pyc(2) 2pyc(2))

is evaluated according to

6! 32 — 2

8
I=URY)+(3/2) {7 Upz0Ry), ®
where ( is the orbital exponent of the 2py STO.
This procedure has been tested using the two-center coulomb and the three-
center hybrid integrals (2py,(1) 2pys(1)|2pyc(2)) calculated by Karplus and
Shavitt [5] for the pi-electron repulsion in benzene. The 2pn STO orbital exponent
{1.590) and C-C distance (2.6320755a.u.) as used in Ref [5] were taken. The Table
presents the exact values, the monopole (L=0) contribution and the complete
calculation by Eq.(8), various errors, the distance R, between centroids of
the (AB) and (CC’) charge distributions, all arranged according to the value of
the “convergence criterion” g@3exp(—2g), with ¢={R,,,. The three-center
nuclear attraction integrals required were computed accurate to within + 2 x 10~°
a.u.; the differences occuring in Uy,4(Rc), however, are at least an order of
magnitude more accurate. J, was set to 0.1 a.u.

It is seen from these results that the present method yields errors only in the
fifth decimal place when o3exp(— 2g) <1073, and that the percent errors are
(as expected) proportional to that quantity. When R_,,, is smaller, interpenetration
of the two charge distributions leads to much larger errors, which are all positive
though smaller in magnitude than those from the Mulliken or the Sklar approxi-
mations.

For evaluating integrals of this class, therefore, the method appears to give
reasonably accurate results at a cost of calculating but several three-center nuclear
attraction integrals. As well, it affords a method (useful even in smaller ranges
of R...,) for reliably approximating integrals which, because the y, (1) xg(1) charge
distribution in Eq. (1) has a vanishing overlap integral, do not yield to the Mulliken
or the Sklar approximations.
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